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STRESSES NEAR AN ELLIPTICAL HOLE SUBJECT TO FLUCTUATING PRESSURE

Y. D. Kubenko

ABSTRACT i;z' f%> g'L/ éj

An analysis 1s presented of the stressed state of a
thin infinite plate with a nearly clrcular hole with
a time-variable pressure spplied to the edges of the
hole. A sclution is obtained using a modification of
the "perturbed boundary shape" method, proposed by
Savin and Guz' for the solution of static problems
of stress concentration near noncircular holes in
elastlc shells. Usling this method, the problem is
reduced to the solution of two Helmholtz equations.
It is shown that at certain frequenciles the stress
concentration is higher by 15 to 20 percent than in

the static case.

A solution is presented for the state of stress in a thin infinite plate {133*
te @ pres3uTe Yeryiig

with a hole whose edges are subjected, according to the law e~ iwt,

It 1is assumed
that the contour 1‘ of* the hole is close to a circle in the sense that the {l3h
function z=a)(§), which carries out the conformal transformation of an Infinite

plane ~§ having @ hole consisting of a single circle to the infinite plane z

* Numbers given in margin indicate pagination in original foreign text.
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with & hole I' , has the form

0 (€) =a,(+et™), (1)

where z=reie;§==é?“2 ao is the radius of the circular hole which is approached by
the camtour r.

With appropriate values of N and & we obtaln an elliptic, trisngular or
square hole (ref. 2). The method of the perturbed boundary (ref. 1) is used in
a form proposed in referencé 3 for solving static problems associated ﬁith stress
concentration near noncircular holes in elastic shells.

We introduce +the dimensionless quentities

T=l. -=--C—2£- u= Eu_ ‘ 5=——-@——

‘?o . G ' 2(1-}-‘?)69.00'5 o 2(1+v)a,00’ (2)
~ 19, . oy 9 : - Tns L /G, - Lot
,;0’-'3=f'3:‘-"f,' 5)0‘5‘=”7‘; ’ "s% % ;. Cz:= M?; o= P

where r is the radial coordinate; t is time; u and v are the radial and tangential
displacementJrespectively; E, G, and ¥ are respectively,the Young's modulus, the
shear modulus, and the Polsson ratilo; c, 1s the velocity of transverse waves;ab
1s the amplitude of the pressure spplied at the contour;y,, O TasPre the components
of the state of stress; M is the density; w 1s phe angular frequency.

The problem is reduced to two Helmholtz equations

Vo + e =0, v+ oPp=0)| )

with the additional boundary conditions

==l Tl

0 (%)

Here ¢ and ¥y are)respectively)the potentials of longitudinal and transverse waves
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which are assocliated with the displacement vector by means of the following re-
lationship

- > > >

Uu, v} =vo+yxky,

l—wv

-
where k 1s the unit vector normal to the plane of the plate; - 5

The conditions of radiation must be added to conditions (k).
Below we use only designations introduced by equetions (2). Therefore the
bars over the letters are omitted. We obtained the following expressions from

equation (l) for an elliptic hole with semiaxes & and b.

N=1, =220 r=eV 1+ 2 cos2y + e’ |

. ' -1 o — ,
8 — arct o— BQT‘) . e ﬁC) Lo’ ({)
mg(wee“' &Y) 6@t ©]"

where A& 1s the angle between the radial direction and the normal to the lines

in the z plane representing the transformation of the lines P =const in the

plane I .
Let us expand r, O, el® in power series of & . Ifé designates ¢ orP,
we can obtain the following expansions /135

O(r.0) =0 o, cos2y 9 sin2y 9 |
7, ) (ev)+e( kot LI

g l—cosd4y 9 sindy d 1+ cosdy _0_2__
. 40® dg 2¢* dy 402 dg?

__sindy. & 08 :

2¢® OJody

Let us represent the components of the state of stress and of the functions

Lp(r,e),wp(r,e) by means of the following series g

0 = N eo .0 (.0 = N ey, (r, 0

i=0 . =0 (s

0,(r.8) =Y e (r,0);... i
=0



To determine Oy Oy Ty in terms of the components of stress in the polar

coordinates we make use of the following equations

— 2 in2 : i S a°
0, = 0,cos*a + g,sin*a 2r,. sin acos a;
T 2 ] y (6
0, = 0, sin*a + o, cos’a — 27, sina cos a; )
a)\

Tus = (0 — 0 sin acos a + v, , (cos® & — sin®

Here

. o 1 Py 1 oy
e e A2 — —_— .
% ""”P+2(arz -,+r.ﬁaxae.. 7 ?e—)ﬂ

. O Py 1oy *
— N2 — —_—— —
Go=—0% 2( or? + r Jrdd r* 69

(Iazxp 1 op a%p).

(7)

— s s — e

r 0drdf rr 09 or?

Substituting these expansions into (3), (7), and (6), and collecting the

coefficients for each power of & , we obtain equations for the j-th approxi-

mation

V2q>l + §2m2?, = 0; Vﬁlpl -+ (Dzlpi == 0‘ (8)

whose solution is
2 [A"’H“’ (akr) cos b+ BU’H"’ (wr) sin nd};

n=0

b= £ e o yon)

n=0 ’

where H(hl) is the Hankel function of the first kind.

The boundary corditioms have the form

D =h):  WRp=FH (9)
In equations (9) the right part 1s determined from the preceding 1136

approximations, while the operators §, ,‘18. in the left part coincide with the
J
corresponding operators for determining stresses using the polar coordinates/g)Y .
The resulting expressions for the stresses with an accuracy up to es have

the following form



Lt (r, e) e—'wﬂﬂ”(e. co)sm2v+e”f‘2’ (. (10)

o (r.F) wrﬁ {o%(e, @) + s0f® (g, @) cos 2y+ e’It?%‘(Qw) +o‘”(9. w)@;gsg&vl}-
* 6$m¢. B

20r-
—_ THBL E .1_ N ' S Gp
Tl - o ) 0—=2 7| a
A i o ﬂo" B s ,.6_ . " Lo
-Q; ‘J*: : 76 ;: ’ "_u_j" g ,'2 ;
{ . : a8
| |
1. a4
2. {.
% ¥ 1
3. :
35 /] 10 20 10 W
4. Figure

The real parts R in (10) give the stresses for t=0, while the imeginary parts I

T - VREIT -
give the solutions for. t=H" T= f&; . The absolute values express the maximum

stresses.

If we let &0 tend to zero in (10) and meke use of the asymptotic properties
of cylindrical functions, we obtain expressions in the 1imit which coincide with
the expansion of the stresses corresponding to the static problem in powers of

£ . This situation mekes it possible to establish the convergence of the solu-
tion obtained. Thus, for the example cited below, the error in determining o
along the contour of the hole, whenw—>(0, 1s less than 1.5 percent.

The numerical results are obtained for &€= 1/7, which corresponds to a/b = 4/3.
Calculations were carried out for¥ =0.28. Table 1 shows the values O oy 85 8
funection of p when @=1,2,3 . Table 2 shows the varistion in 0, along the
contour of the hole. The corresponding values of r and © are determined by (5).

The drawing shows the variation in the maximum stress os at the contour of
the hole as a functlon of the frequency when 6 = O,‘ﬁ/2. In the static case we

have
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when &=0 (ciReucar How) o, =1.0;

] . i q |
when e:-—%—, 6=? O's= 0.35;»
e s L ’
when &=, 6=0 g, = 1.65.
, 137
TABLE 2 L=
n & n | on lleireutAR
Y=12| =% | V=7 | =7 | V=12 || ver
| Reo® | 0,991 0,914| 0,848 0,783| 0,764 | 0,894
 'moe® | 1,322 | 1,n7| o,804| 0670 0,549 | 0,92
Red'? | 0,071 0,002 { —0,014| 0,000 0,015| 0,009
o=2 Imo» | 0,808 | 0,816 0,767 | '0,717| 0,726 | 0,816
Reo!® | —0,057 | —0,082 { —0,017 | —0,212 | —0,283 | —0,181
©=3! Imo® | o0,613| 0,539 | 0,507| 0,475 0,600| 0,544
Reo'? |—0,114 | —0,160 | —0,224 | —0,287 | —0,333 | —0,232
=4 1m o® | 0,524 0,469| 0,403} 0,336 | 0,204 0,400

The middle curve 1s constructed for & circular hole, while the upper and lower
curves are for an elliptical hole with 6 =T/2 and © = O.
Thus, as we can see from the figure, for some values of the frequency the

stress concentratlon is greater than 15-20 percent than in the static case.

REFERENCES

1. Morse, F. M. and Fashbach, G. Methods of Theoretical Physics (Metody teor-

eticheskoy fiziki). I. L., 1958.
2. Muskhelishvili, N. I. Some Baslic Problems of the Mathematical Theory of

Elasticity (Nekotoryye osnovnyye zadachi matematicheskoy teorii uprugosti),

AN SSSR, 195k4.

3. ©Savin, G. N. and Guz', A. N. The State of Stress Near a Curvilinear Hole in
Shells (O nepryazhennom sostoyenii okolo krivolineynykh otverstiy v oboloch-

kakh), Izv. AN SSSR, Seriya "Mekhanika i Mashinostroyeniye," No. 6, 196k,



